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Laplace transform C%D

* One of most important math tools in the course!
* Definition: For a function f(t) (f(t)=0 for t<0),

F(s) = L{f(D)}:= [ f(t)e tat
()= L{WY = [ 1

O

1
A:=B (A is defined by B.)

L
-
0
* We denote Laplace transform of f(t) by F(s).

(s: complex variable)

(1)

F(s)




Advantages of s-domain C-(%D

* We can transform an ordinary differential equation
into an algebraic equation which is easy to solve.

(Next lecture)

* It is easy to analyze and design interconnected
(series, feedback etc.) systems.

* Frequency domain information of signals can be
easily dealt with.



Examples of Laplace transform C-%D

* Unit step function f(t) 4

1
f(t)=u(t)={é 20

> 1

0

) [(s) = fooo 1.e 5tdt = 1 [e—st]

S

oo 1 _ _
0 3 (Memorize this!)

Enforcing f(t) to be

. . f(t
e Unit ramp function / zero for negative t. (®
t t>0
> 1

f(t)ztu(t)z{o 20

0

00 1 00 1
) F(s) = / te St = —= [te‘“]oo—l——f e St = —
0 t s 0 " sJo §2

(Integration by parts: see next slide)



Integration by parts C-(%D

* Formula
[ Fa®dt = 109 - [ 1009 O
Why?
[Fg(®] = £ (g() + F(2)g (8
= [[FO90) dt = [ [£ 090 + 00 (1)) a

= / F(Og)dt + [ 101 e



Ex. of Laplace transform (cont’d) C-(%D

 Unit impulse function f(t) = é(t) (0 ‘lﬁ’;idgtﬂtzzomf
o Area=1
[ iewit=g0 | = -
0

—)  F(s) = f()ooé(t)e_Stdt —¢0=1 (Memorize this!)

. . f t A
* Exponential function ®
1
ot e~ > \__
f(t)=eo‘u(t)={ = -t
0 t <O 0
‘ F(S) — /OO e—ozt,e—stdt — 1 {e—(s-koz)t]oo — 1
0 s+ « 0 s+ «
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Ex. of Laplace transform (cont’d) C-(%D

* Sine function

W
Lisinwt-u(t)} =
et u(0) =
e Cosine function (Memorize these!)
L s <
CoSwt -u(t)r =
fcosut )} =

Remark: Instead of computing Laplace transform for
each function, and/or memorizing complicated Laplace
transform, use the Laplace transform table !



Laplace transform table C%B

I () F'(s)
5(t) 1
L1
u () > s
tu(t) % __ Inverse Laplace
. r- 1e— Transform
t"u(t) j 1
—at 1
e u(t) T
sin wt - u(t) SQ_‘*in

coswt - u(t) o=

—at 1
te” *u(t) (s+a)2 (u(t) is often omitted.)
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Properties of Laplace transform G%D
1. Linearity

Llagfi(t) + aofot)} = a1 Fi(s) + agFy(s)

Proof. £{a1f1(t) +e2fa(t)} = / (a1f1(t) + aofo(t))e*dt
/ Stdt+a2 f fo(t)e *dt

v

Fy(s)

Ex. £{5u(®)+3e 2"} =5L{u@®)}+3C{e 2"} = 8+8+2
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Properties of Laplace transform C-%D

2.Time delay
ARG BN N2
Proof. 0 T
L{f(E-Tu(t - 1)) o
_ [ o5t -aomain
_/ e fﬂ»delay f_(t._T)
/ f()e T gr = e ToR(s)
e s-domain
EX. £{m® 0 u(t-a)} = = F(s) [y | T

s+ 0.5 o o
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Properties of Laplace transform C-%D
3. Differentiation

C{f'(t)} = sF(s) — f(0)

t-domain

Proof. MO i _»f’(t)

L{FE) = 5 e
= [f (t)e'St];O+8f80 f(te~tdt = sF(s) - £(0) @ @
s-domain

" cosa b | Es) - o)
L{(cos2t)'} = sL{cos2t} -1 F(s) - | sF(s _f 0
=75 1= 73 T e

(= L{-2sin2t})
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Properties of Laplace transform C-%D
4. Integration

t-domain

Proof. QIR / B F0

L Uotf('r)dv' = /Ooo (fotf(’r)dT) e Sldt
et |
X s-domain

F(s)’ ") 01/ _.Fis)
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Properties of Laplace transform c-(%a
5. Final value theorem

lim f( ) = |lim SF(S) if all the poles of sF(s) are in open left
1—00 s—0 half plane (LHP), with possibly one
simple pole at the origin.

5
Ex. F(s)= (2 + 5+ 2) ‘tirgof(t) = lim > =2

s—0824+s5s+2 2
Poles of sk(s) are in LHP, so final value thm applies.

(poles = roots of the denominator)

EX. F(s) = 3214 —> I|m f(t)}{llr%82+4

Since some poles of sF(s) are not in open LHP,
final value theorem does NOT apply.

O
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Complex plane &p

Im (Imaginary axis)

LHP \| OpenRHP
\|

e
(Real axis)

N 0
“Open” means that it does not include imag.-axis.




Properties of Laplace transform G%D
6. Initial value theorem

t'i%lf(t) = lim sF(s) if the limits exist.

Remark: In this theorem, it does not matter
If pole location is in LHS or not.

5

Ex. F(s)= (2 + s+ 2) ‘tﬂ)g]_l_f(t) = sli—>rQoSF(S) =0
EX. psy= " =) lim f(t) = lim sF(s) =0

244 t—0+ §— 00
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Properties of Laplace transform G%D
/. Convolution

Fi(s) = L{f1(t)} }
Fo(s) = L{f2(1)}

=) F(s)F>(s)

Convolution
AL

£ {8 A1) alt — 7))
LLS Fa(t =) folr)dr

IMPORTANT REMARK
Fi(s)Fa(s) 4 L{f1(0)f2(t)}
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Properties of Laplace transform C-%D
8. Frequency shift theorem

C {e—atf(t)} = (s + a)

t-domain
Proof. £(t)

] e Mr®

e ﬁ

L)) = e (e @ @
s-domain

= [§ f 1t = Fls

EX. F(s) Fls+a)
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Exercise 1 C-(%D

L{5(t — 2T)} =7

L{5@)) =1
L{f(t—2T)} = e *1°F(s)

=) L{5(t—2T)} = e 21"
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Exercise 2 C-(%D
L {sin2tcos2t} =7

1
L{sin2tcos2t} = L {Esin 4t}

1
§£ {sin 4t}
1 4

2.32—|—42
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Exercise 3 c-%a

L{tsin2t} =7

p2it _ o—24t
LA{tsin2t} = E{t- 5 }
J

_ % (L {1} — L {te=2"))

1 1 1
T2 {(8—2;')2 . (s+2j>2}
1 .(S+2j)2—(8—2j)2: 4s
2 (214 CETE
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Euler’s formula C-(%D

el? = cosf + jsing

el = cosf+ jsiné
19 = cos® — jsind
( eIV =9
cosf = 5
m— | 0i0 _ o—3f
Sinf = ,
\ 27
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Summary C-(%D

 Laplace transform (Important math tool!)
e Definition
e Laplace transform table
* Properties of Laplace transform

* Next
* Solution to ODEs via Laplace transform
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